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A three-dimensional unstructured grid arbitrarily shaped element method is developed for solving the Navier–

Stokes equations. The proposed method is generally applicable to arbitrarily shaped elements and, thus, offers the
potentialto unify manyof the different grid topologies intoa single formulation.Examplesof grid topologiesinclude
a structured hexahedral mesh; unstructured tetrahedral mesh; hybrid mesh using a combination of hexahedra,
tetrahedra, prisms, and pyramids; Cartesian mesh with elements (cubes) cut by � ow boundaries; and mixed
arbitrary multiblock meshes. The concept of such an arbitrary element method is developed and implemented
into a pressure-based � nite volume solver. It utilizes a collocated and cell-centered storage scheme. Expressions
for second-order discretizations of the convection and diffusion terms are derived and presented for an arbitrarily
shaped element. The developed code, as a � rst step, is applied to two selected three-dimensional viscous � ows using
a structured hexahedral mesh and an unstructured tetrahedral mesh. It is demonstrated that the concept of the
arbitrarily shaped element method can be viable and ef� cient.

Introduction

U NSTRUCTURED grid technology has become very popular
in recent years, mainly because it offers the possibility of a

much reduced grid generation effort for � ows with complex geom-
etry. With tetrahedralelements, an unstructuredgrid also enjoys the
advantage of � exible grid adaptation based on local � ow features.
These potential advantages, coupled with the need for solving in-
viscid � ows around a complete aircraft, provided the � rst impetus
to developing unstructured grid solvers. Some of the pioneering
work includes that of Barth,1 Jameson et al.,2 Mavriplis,3 Lohner
et al.,4 and Frink et al.,5 among many others. Inspired by these ear-
lier works, unstructuredgrid technologyhas since made signi� cant
advancements.Some of the recent researchis reportedin Refs. 6–10.

Despite its wide acceptance, the unstructured gird method with
tetrahedralelements suffers from some shortcomingsthat have to be
and are being addressed.One of the major disadvantages,compared
to a structured grid, is that the use of highly stretched tetrahedral
elements for boundary layers is very inef� cient and dif� cult. An an-
alytical study by Baker11 even showed that additional errors could
be induced on triangulated quadrilateral grids. For this reason, a
hybrid approach using different shapes of elements was proposed
by a number of investigators.12 ¡ 14 With the hybrid approach, pris-
matic or hexahedral elements can be used to resolve the boundary
layer, and tetrahedral elements can be used to cover the rest of the
domain. This way, highly stretched hexahedra or prisms are gen-
erated � rst near walls, and tetrahedra are then generated for the
remaining � ow domains. This approach worked quite well for a
number of problems.12 ¡ 14 In another development, a Cartesian grid
approach was proposed and demonstrated to solve the Euler and
Navier–Stokes equations.15,16 With a Cartesian grid, errors due to
grid skew are minimized and grid generation is reduced to the task
of identifying the element shape after a cube is intercepted or cut
by � ow boundaries. Of course, it is no easy task to develop such a
cut algorithm for general three-dimensional � ows, and one has to
deal with boundary elements that may assume arbitrary shapes. Fi-
nally, an ideal and convenient approach is to use hybrid multiblock
meshes. With hybrid multiblock capability, a complex problem can
be divided into a number of blocks, and each block can be meshed
with the element shape suitable for the block geometry. The differ-
ence from the regularhybrid method is that the mesh topologyat the
block interface does not have to be the same. With this approach,
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one has to deal with an arbitrary interface match between blocks.
Again, a solver capable of handling arbitrarily shaped elements is
viable in this kind of mesh.

It is seen from the preceding discussion that different shapes of
mesh elements are being employed for the solution of Euler and
Navier–Stokes equations. The relative advantages and disadvan-
tages of different grid topologies have been the subject of debate
for a number of years, and this debate will probably continue. The
author feels that different grid topologies will probably coexist for
awhile, and a consensus on the best meshing strategy may be quite
dif� cult to reach. It is more probable that different grid topologies
are suitable for different applications. It is clear, however, that the
unstructured way of solving � ow problems will de� nitely prevail,
basedon a structuredgrid being just a subsetof an unstructuredgrid.
For the same structured mesh, the difference between unstructured
and structured methods lies mainly in the style of programming:
an unstructured grid uses indirect addressing, whereas a structured
grid uses direct addressing to access grid connectivity information.
With modern day compiler technology, the penalty associated with
indirect addressingis minimized and is not going to be an important
factor.

In viewof the precedingdiscussion,it is quite desirablethat a uni-
� edunstructuredgrid methodbedevelopedso that the same solution
algorithmand strategycan be applied to differentgrid strategies.To
achievethisgoal, thepresentstudyproposesto developanarbitrarily
shaped element method (ASEM). With this method, the same core
part of the solver is applicable to most grid topologies currently in
use. They include, for example, a structured grid (quadrilateral or
hexahedral mesh); tetrahedron- or prism-based unstructured grid;
hybrid or mixed-elementmethod using combinationsof hexahedra,
tetrahedra,prisms, and pyramids;Cartesiangrid method,whichmay
have arbitrarily shaped elements due to boundary cut; and, � nally,
the hybrid multiblock mesh.

This paper reports a � rst step toward developing such an ASEM
to solve � uid � ows. To achieve the objective, the concept of an
ASEM is developedand demonstratedwith thepressure-based� nite
volume Navier–Stokes solver. The solver uses an element-centered
storage scheme so that all dependent variables are located at ele-
ment centers. In the following, the general numerical formulation
that is applicable to arbitrarily shaped elements (or control vol-
umes) is presented � rst for three-dimensionalNavier–Stokes equa-
tions. Two-dimensional formulation can be similarly obtained or
deduced from three-dimensionalformulas. In addition, general ex-
pressions for calculatingconvectiveand diffusive � uxes on an arbi-
trarily shapedelement face are derivedand presented,which has not
been reported in the past. Then some other numericaldetails are dis-
cussed. It is acknowledged that demonstration of the ASEM for the
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whole spectrum of grid topologies mentioned is beyond the current
scope of this paper. Instead, as a � rst step, the ASEM-based solver
will be applied to three-dimensional� ow problems with structured
hexahedron elements and with unstructured tetrahedron elements
to demonstrate the viability of the method. The development and
demonstrationof the method to other grid topologieswill be subject
of future study.

Numerical Method
Governing Equations

The present study deals with � uid � ows governed by the Navier–
Stokes equations in complex geometry. The � uid is assumed to be
steady and incompressible for presentation convenience, although
the method can be readily extended to unsteady and compressible
� ows. The mass and momentum equations can be expressed in vec-
tor form as

r ¢ ( q V) = 0 (1)

r ¢ ( q VV) = ¡ r P + r ¢ ( l r V) (2)

Here q is the � uid density, V is the � uid velocity vector, l is the
� uid viscosity, and P is the static pressure.

Integration of Governing Equations
Numerical solution of � uid � ows involves use of mesh covering

the solution domain and the discretization of governing equations.
As pointed out in the Introduction, the element shape of the mesh
used in this study is assumed to be arbitrary.For a three-dimensional
element, a polyhedron is used that may have any number of polyg-
onal faces. For convenience,an element-centeredscheme is used vs
an alternative possibility of an element-vertex scheme. This means
that all dependentvariablesare locatedat the centroidof the element
instead of at the element vertices. Discretization of the governing
equations is carried out using the � nite volume approach so that
the conservation property is preserved locally and globally. With-
out a loss of generality, consider a convection–diffusion equation
representativeof all governing equations, as follows:

r ¢ ( q V U ) = r ¢ ( C r U ) + SU (3)

On integration over an element, the preceding equation can be dis-
cretized as

all faces

( q f V f A) U f =
all faces

( C A r U ¢ n) + SU 8 (4)

where V f =V ¢ n is the element face normal velocity component
used to satisfy mass conservation, A is the element face area, U f

is the face value of the dependent variable U , n is the element face
unit normal vector, and 8 is the element volume. It is seen that the
main task of discretization is to � nd appropriate expressions for
convective and diffusive � uxes on each face of an element.

Before we proceed to � ux calculation, note that the de� nition
of the element face shape is uniquely de� ned in this study by a
procedure described hereafter. Consider an element face with N
vertices. A sample polygonal face is depicted in Fig. 1a. The face
is not completely de� ned yet because all vertex points may not be
on the same plane. To de� ne the face, a center point C of the face
is found � rst by taking the arithmetic average of all vertex position
vectors. N triangles are then formed by connecting point C to all
vertices. When we take the face in Fig. 1a as an example, � ve tri-
angles, V1V2C, V2V3C , V3V4C, V4V5C , and V5V1C , are formed. A
collection of these triangles uniquely de� nes the shape of the face,
and thereby the element shape is also de� ned. All geometric quan-
tities such as the element volume, face area, and face unit normal
vector can be calculatedbased on the precedingde� nition. The use
of an exactly de� ned element shape is consistent with the essence
of the � nite volume method and is also important to preserve the
conservationproperty.

a) Diagram for a general face

b) Diagram for a triangular face

Fig. 1 Illustration of an arbitrary element face.

Cell Face Diffusive Flux
First, let us consider diffusive � ux at an element face, that is,

the term r U ¢ n. Without a loss of generality, consider only a tri-
angular face as shown in Fig. 1b (note that a general face consists
of triangles). The triangular face has vertex points F1 , F2 , and F3,
with unit normal of n and center point F . It is assumed that U at
two neighboringelement centers, P1 and P2, and at face vertices are
known. The diffusion term can be calculatedby locally establishing
a general nonorthogonalcoordinatesystem on the face with its three
covariant coordinate bases "1 , "2, and "3 . Here "1 is chosen as the
vector from point P1– P2, and "2 and "3 are on the element face.
Then, a gradient can be expressed in this local coordinatesystem as

r U =
@U

@n
"1 +

@U

@g
"2 +

@U

@f
"3 (5)

where n , g , and f are coordinatesalong "1 , "2 , and "3 , respectively;
and "1 , "2 , and "3 are three contravariant coordinate bases. There-
fore, r U ¢ n can be split into a normal term and a cross term. The
normal term is the � rst term on the right-hand side of Eq. (5), and it
is approximatedby the differenceof U valuesbetweenpoints P1 and
P2. The cross term consists of the last two terms on the right-hand
side of Eq. (5) and is expressed as an area integral on the face. It
can be shown that the area integral of the cross term can be further
transformed to a line integral along the perimeter of the face using
Green’s theorem.Oncediscretizedfor a triangularface, thediffusion
term for an arbitrary face is obtained through summation over all
triangles. Some mathematical manipulation leads to the following
for the diffusion term on an arbitrary element face:

r U ¢ nA = Dn ( U 2 ¡ U 1) +
all edges

Dedge
c U edge (6)

Dn =
A

(r1 + r2) ¢ n
, Dedge

c = ¡
(r1 + r2) ¢ ( d redge £ n)

(r1 + r2) ¢ n
(7)

In the preceding equations,

all edges
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stands for summation over all edges of the face, U edge is the U value
at the edge center and is calculatedusing vertex values, d redge is the
distance vector of the edge, and r1 and r2 are vectors from P1 to C
and C to P2 (see Fig. 1a). The cross term in the precedingexpression
can be shown to have second-order accuracy by the use of Taylor
seriesexpansion,whereasthe normal term is secondorderonly if the
vectors from P1 to C and C to P2 are equal. Otherwise, the normal
term discretizationerror is proportional to the differenceof the two
distancesthat is nonzerodue to nonuniformand nonregularmeshes.
Note that the normal and cross diffusion coef� cients at each face
involve only geometric quantities and that they are calculated only
once in the beginning because the mesh does not change during the
solution process.

Cell Face Value Calculation
Next, let us considercalculationof cell face valuewith cell-center

quantitiesgiven.This center-to-faceoperationis usedveryoftendur-
ing the solution process. In the following, a second-order accurate
expression is derived and presented. Again, refer to Fig. 1b for a
triangular face F1 F2 F3 with two neighboring element center points
P1 and P2 . De� ne point P5 such that it is the interceptpoint between
line P1 P2 and the face; also de� ne points P3 and P4 on the face such
that P1 P3 and P2 P4 are normal to the face. Then a second-order
accurate interpolationexpression for point P5 is given by

U P5 =
d 1 U 2 + d 2 U 1

d 1 + d 2

(8)

where d 1 = r1 ¢ n and d 2 = r2 ¢ n. U P5 obtained here has often been
used to approximate the value at center F . In general, however,
this does not guarantee second-order accuracy unless r1 and r2 are
parallel. A truly second-order expression is derived using Taylor
expansion as

U f = U P5 ¡ r s U ¢ ¿ (9)

where ¿ is the distance vector from F to P5 , and r s is the gradient
operatorde� nedon the face.With some geometricandmathematical
manipulation, Eq. (9) can be written as

U f = U P5 ¡
d 1r2 ¡ d 2r1

( d 1 + d 2)A
( d redge £ n) U edge (10)

It can be shown with Taylor expansionthat the precedingdiscretiza-
tion has second-order accuracy.

The U f value of the convective term in Eq. (4) needs further
discussion. If the second-ordercentral difference scheme is applied
directly,spuriousoscillationmay occurfor � ows with a high enough
cell Pecletnumber.Therefore,damping is added to the second-order
scheme in a manner similar to the concept of arti� cial viscosity.The
damped convective scheme is derived as follows:

U f = U CN
f + d U UP

f ¡ U CN
f (11)

where

U UP
f = 1

2
( U 1 + U 2) ¡ 1

2
sign(V f )( U 2 ¡ U 1) (12)

U CN
f is the second-order interpolation scheme as presented, and

d represents the amount of damping used (d =0.1 is used for all
calculations in this study).

With diffusion and convection terms discretized, the � nal dis-
cretized governing equation for an element P can be organized
concisely as the following linear equation:

AP U P =
nb

Anb U nb + S ¤
U (13)

where nb refers to all neighborelements that share the same vertices
with element P .

Mass Conserving Face Velocity
For a nonstaggeredgrid, a special procedure is required to obtain

the element face normal velocityused to enforcemass conservation.

Otherwise, the well-known checkerboard instability may occur. In
this study, the procedure proposed by Rhie and Chow17 and Peric
et al.18 is adopted. That is, the face normal velocity is obtained by
averaging the momentum equation from element centers to element
faces. A detailed derivation is omitted, and interested readers are
referredto previouspapers, for example,Refs. 17–19. It is suf� cient
to point out here that the element face normal velocity is calculated
as

V f = h V i ¢ n + h 8 / AP i [ h r P i ¢ n ¡ r P ¢ n] (14)

where h i stands for the averaging operator from the element center
to face and 8 is the element volume. When the averaging opera-
tor is applied to a vector, it implies application to each Cartesian
component of the vector.

Pressure Correction Equation
The pressure correction equation is derived from the mass con-

servation equation using the PISO algorithm.20 PISO is basically a
predictor–corrector method, and it can be described as follows.

Predictor Step
With a known pressure � eld Po, a new velocity � eld V ¤ is pre-

dicted by solving the momentum equation

AP V ¤ = H V ¤
nb ¡ a r Po + SV (15)

where H stands for a linear operator and

H =
nb

Anb

First Corrector Step
Next, new pressureand velocity� elds P ¤ and V ¤ ¤ are sought such

that following two equations are satis� ed:

r ¢ V ¤ ¤ = 0 (16)

AP V ¤ ¤ = H V ¤
nb ¡ a r P ¤ + SV (17)

The pressure correction equation is obtained from this as

r ¢ (a / AP ) r P 0 = r ¢ V ¤ (18)

with P 0 = P ¤ ¡ Po . The pressure correction equation is solved to
obtain new � elds of P ¤ and V ¤ ¤ .

Second Corrector Step
One more corrector is performed to obtain new � elds of P ¤ ¤ and

V ¤ ¤ ¤ so that the following two equations are satis� ed:

r ¢ V ¤ ¤ ¤ = 0 (19)

AP V ¤ ¤ ¤ = H V ¤ ¤
nb ¡ a r P ¤ ¤ + SV (20)

The pressure correction equation is derived as

r ¢ (a / AP ) r P 0 = r ¢ V ¤ ¤ + H V ¤ ¤
nb ¡ V ¤

nb (21)

with P 0 = P ¤ ¤ ¡ P ¤ . The precedingequationis solved to obtainnew
corrected � elds of P ¤ ¤ and V ¤ ¤ ¤ .

Note that more corrector steps can be carried out if necessarybut
that two correctors are usually suf� cient.

Data Structure
For an unstructuredgrid approach, the design of a data structure

is important,and it is discussedhereafter. In this study, three across-
the-� eld operationsare encountered.The most frequentlyusedoper-
ation is a loop over all elements. Therefore, the element-baseddata
storage is used because it is natural to the element-centered stor-
age scheme. Operations such as propertyupdate and linear equation
solvers are all element based, and they represent a major portion of
the CPU time. With element-baseddata, connectivity integer arrays
are created that addressmesh relations from element to neighboring
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elements and from elements to element faces. The second type of
data structure is face based and is created to compute the convective
and diffusive � uxes and the associated coef� cients. A face-based
data structure requires the creation of a connectivityarray that pro-
vides informationfrom the face to theneighboringelements.Finally,
the vertex-baseddata structure, which provides information from a
vertex to all neighboringelements is also used. A vertex-baseddata
structure is used to compute vertex values from the element center
values of a variableand is neededby the crossdiffusion term and the
pressure correction equation.The face-basedand vertex-baseddata
structures are less frequentlyused and consume much less comput-
ing time. Therefore, the element-baseddata structuredominates the
ef� ciencyof theproposedmethod.In terms of memory requirement,
the proposedmethod requiresless than 1000bytesper element (with
64 bit � oating point precision and 32 bit integer) based on a wide
range of practical three-dimensional turbulent � ows simulated.

Boundary Conditions
The boundary conditions encountered in this study are related to

the treatmentat the inlet, outlet, no-slip wall, and symmetric bound-
ary.At an inlet and a no-slipwall, the Cartesianvelocitycomponents
are speci� ed at boundaryelementfacecenters,and thepressureisex-
trapolatedfrom the interior.They areneeded to solve themomentum
equations. The solution of the pressure correction equation, how-
ever, requires no pressure boundary condition because mass � uxes
on these boundaries are speci� ed and unchanged during the solu-
tion process. At an outlet, pressure is speci� ed at the element face
center, and Cartesian velocity components are extrapolated from
the interior for the solution of momentum equations. For the pres-
sure correction equation, the pressure increment is set to be zero at
the outlet because pressure should not change during the solution.
Finally, at a symmetry boundary, the velocity component normal
to the boundary is set to zero whereas tangential components and
pressure are extrapolatedfrom the interior for the momentum equa-
tions. For the pressure correction equation,no pressure condition is
needed at the symmetry boundary as zero mass � ux is enforced.

Summary of Solution Process
All governing equations are solved sequentially, that is, they are

solved in an equation-by-equation manner. For a typical steady-
state simulation, momentum equations are solved � rst assuming a
known pressure � eld. This represents the predictor step of the PISO
algorithm. The predicted velocity � eld is then used to calculate the
element face normal velocity with Eq. (14). This velocity will not
usually satisfy mass conservation.Therefore, corrector steps of the
PISO algorithm are applied by solving pressure correction equa-
tions (18) and (21). After each solution of the pressure correction
equation, new pressure and velocity � elds are obtained. The given
solutionprocess completes one iterationof the solutioncycle, and it
is repeated until a preset convergence criterion is met. To establish
convergence criterion, residuals for continuity and other equations
are computed as follows:

Rp = all elements

j r ¢ V j

Mass Residual Scale

R U = all elements

AP U P ¡
nb

Anb U nb + S ¤
U

all elements

j AP U P j
(22)

where summation is over all elements of the mesh and the mass
residual scale is selected to be the maximum mass imbalance in
the � rst � ve iterations.The preceding de� nition guarantees that the
mass and momentum conservation equations are satis� ed to the
preset convergencecriterion. In general, convergenceis considered
to be achieved when Rp and R U are below 10 ¡ 3. In this paper,
however, all calculationsare performedsuch that residuals for mass
and u and v equations are below 10 ¡ 6 to demonstrate the robustness
of the solver.

Note that the preceding solver requires the solution of sparse lin-
ear equations.A direct solver is impracticalbecauseof the excessive
demand on computer resources. However, the choice of iterative

solvers is quite limited for the general unstructured grid method.
In this study, the preconditionedconjugate gradient method is used
if the mesh is unstructured, whereas the strongly implicit proce-
dure (SIP) of Stone21 is employed if the mesh is structuredor block
structured. As mentioned in the Introduction, a structured grid is
embedded in an unstructured grid code and a hexahedron element
is treated as a special element shape.

Validation and Discussion
Despite that the ASEM is applicable to many grid topologies,

a test and a demonstration of all grid topologies are beyond the
scope of this study. As a � rst step, only pure tetrahedron elements
or structuredhexahedronelements are used. The demonstrationand
the validationof proposed ASEM to other grid topologiesare under
investigationand will be reported in the future.

Test Case Description
Two three-dimensionalviscous � ows are chosen to evaluate and

validate the proposed unstructured grid method. The � rst is a lam-
inar � ow through a 90-deg square duct that was experimentally
measured by Humphrey et al.22 The second three-dimensionalcase
is the � ow in an S-shapeddiffuserwith rectangularcross section that
was experimentally studied by Rojas et al.23 Both cases have also
been studied numericallyby other researchers22,24,25 and, therefore,
can be used for comparison purposes.

The 90-deg square cross-sectioned bend � ow was experimen-
tally studied by Humphrey et al.22 and the geometry is illustrated
in Fig. 2a. As shown, the bend has a cross section of 40 £ 40 mm
and a mean radius of 92 mm. The experiment was carried out at
a Reynolds number, based on the hydraulic diameter Dh and bulk
velocity,of 7.9 £ 102 (correspondingto a Dean number of 368). The
computational domain consists of three sections: an entrance with
a straight duct 10Dh in length, a 90-deg curved bend, and an exit
with a straight duct 10Dh in length. Because of the symmetry of the
problem, only one-half of the duct is calculated.

The secondcasesimulated is the � ow in an S-shapeddiffuserwith
rectangular cross section and the geometry is displayed in Fig. 2b.
The case was experimentallystudied by Rojas et al.23 It is seen that
the diffuser cross section is a 40 £ 40 mm square at the inlet. It is

a) Bend of 90 deg with square cross section

b) S-shaped diffuser

Fig. 2 Geometry of the two validation cases.
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Fig. 3 Convergence plots of three hexahedral meshes and one tetrahe-
dral mesh.

then expanded linearly in the plane of curvature to a rectangle of
60 £ 40 mm at the exit. The S curvatureis formed from two 22.5-deg
bendsof 280-mm mean radiusof curvature.Note that a straightduct
with cross section of 60 £ 40 mm and length of 200 mm is attached
to the exit of the diffuser.Because of symmetry, only one-half of the
diffuser needs to be calculated. The calculation corresponds to the
� ow Reynolds number of 7.9 £ 102 based on the hydraulicdiameter
at the inlet and the mean bulk velocity.

Evaluation of Convergence and Accuracy
Before proceedingto validation,an effortwas made to investigate

the order of accuracy, convergence, and ef� ciency of the solver us-
ing the 90-deg square duct case. For the purpose, three hexahedral
meshes were generatedwith meshes of 46 £ 20 £ 10, 92 £ 40 £ 20,
and 184 £ 80 £ 40, respectively (designated as coarse, medium,
and � ne grids). The grid spacing within the bend is quite uniform,
whereas grids in the entranceand exit are nonuniformlydistributed.
All three computations used the same relaxation parameters and
the same initial conditions (zero velocity and pressure are used ev-
erywhere). The convergence plots of three hexahedral meshes are
shown in Fig. 3. CPU times per iteration on the SGI Octane work-
station are 0.888, 9.43, and 87.3 s for the coarse, medium, and � ne
grids, respectively. The � nest mesh has 588,800 elements, and six
orders of error reduction required about 31 h on the SGI octane
workstation and about 26 h on a Pentium III 500 MHz personal
computer on a single processor and with double precision.

Formal Taylor series analysis indicates that the solver is approxi-
mately secondorder as discussedin the precedingsection.However,
the actual accuracy will be less than second order due to the use of
the damping in the convective � ux as well as the accuracy of a
normal diffusion term on nonregular mesh. To quantify the accu-
racy for the case studied, the approach suggested by Ferziger and
Peric26 is used. This approach requires solutions on three different
meshes with � ner mesh obtained by doubling the mesh elements
of the coarser mesh in each direction. The three meshes generated
earlier serve this purpose. The order of accuracy can be estimated
using the L1 or L2 norms as follows:

p1 = log 4h j U 4h ¡ U 2h j / N4h

2h j U 2h ¡ U h j / N2h
log2

p2 = log 4h ( U 4h ¡ U 2h)2 / N4h

2h ( U 2h ¡ U h )2 / N2h

log 2 (23)

where U 4h , U 2h , and U h are solutions of variable U at coarse,
medium, and � ne meshes, respectively;N2h and N4h are the number
of grid points on medium and coarse meshes; and

2h

,
4h

are summations over all medium and coarse mesh points. With the
preceding equations, the estimated order of accuracy is P1 =1.79

a) Hexahedral mesh 90 £ £ 40 £ £ 20

b) Tetrahedral mesh with 144,000 elements

Fig. 4 Cross-sectional view of meshes at the inlet and on symmetry
plane.

and p2 =1.83 for u velocity and p1 =1.85 and p2 = 1.95 for v
velocity, respectively. It is seen that the order of accuracy is less
than, but close to, 2.0.

Bend of 90 Degrees with Square Cross Section
Three meshes are generated for validation purposes, one with

structured hexahedral elements (designated as HEX) and two with
tetrahedral elements (designated as TET1 and TET2). HEX mesh
has mesh of 90 £ 40 £ 20 (72,000 elements), where 90 cells are
along the streamwise, 40 cells in the radial, and 20 cells in the
spanwise direction. This structuredmesh is comparable to previous
numerical studies, for example, 60 £ 15 £ 10 by Humphrey et al.22

and 92 £ 33 £ 18 by Kim and VanOverbeke.25 TET1 is a very coarse
tetrahedral mesh with about 13,440 elements and 3432 vertices,
whereas TET2 is a � ner tetrahedral mesh with 144,000 elements
and 32,240 vertices. Plots of some sections of the mesh are shown
in Fig. 4.

The � ow inlet is located at 10Dh upstream of the bend section,
and the velocity pro� le of a fully developed square duct with the
same cross section is prescribed at the inlet. The fully developed
solution is obtained from another straight duct simulation, and the
same solution is imposedat the inlet for all threemeshes.At the exit,
the static pressureis assumed to be constant,and all other dependent
variables are extrapolated from interior.

Just for comparison purposes, the convergence history with the
TET2 mesh is also shown in Fig. 3 together with other hexahedral
meshes. In termsof convergenceandef� ciency,all threecalculations
obtainedsixordersof error reductionwithin800 iterations.The CPU
times per iterationare 9.2 and 15.7 s for the HEX and TET2 meshes,
respectively.

Calculated streamwise velocity pro� les in the radial direction
are shown in Fig. 5 for two spanwise planes and four streamwise
locations,and they are also compared to the experimentaldata.Note
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a) On symmetry plane (Z/Dh = 0:5)

b) On quarter plane (Z/Dh = 0:25)

Fig.5 Calculatedandmeasured streamwise velocity pro� les for90-deg
bend: ° , measured data22; ——, TET2; – – –, HEX; and – ¢ – , TET1.

that ri and ro in Fig. 5 refer to the inner and outer radii of the
bend, Us is the streamwise velocity, and h is the angle in degrees of
the curved bend section. Figure 5a is for results on the symmetry
plane (z / Dh =0.5, with z / Dh =0.0 being the wall), and Fig. 5b
is on the plane of z / Dh =0.25. From these results, it is seen that
all three meshes obtained very similar results in the earlier part of
the bend (e.g., h =0 and 30 deg) and that they all compare well
with measured data. This is because the in� uence of bend curvature
is not very signi� cant initially. However, the three sets of results
start to deviate from each other in the later part of the bend, that
is, at h =60 and 90 deg). Overall, the results from the TET2 mesh
have the best agreement with the data, followed by the HEX mesh,
and then the TET1 mesh. This � nding is not surprising because
TET2 has the greatest number of elements, whereas TET1 has the
smallest number. Also note that results from the HEX mesh are
very close to those obtained by Kim and VanOverbeke,25 who used
a structuredhexmesh and a similar numberof elements.Overall, it is
demonstrated that both tetrahedron-and hexahedron-basedmeshes
work quite well in terms of accuracy and ef� ciency, at least for the
� ow considered.

Hexahedral mesh 55 £ £ 40 £ £ 20

Tetrahedral mesh with 94,500 elements

Fig. 6 Cross-sectional view of meshes at the inlet and on symmetry
plane.

Flow in an S-Shaped Diffuser
Two meshes aregeneratedfor the validationstudyof theS-shaped

diffuser � ow: one with structured hexahedral elements and another
with unstructured tetrahedral elements. The structured mesh uses
a 55 £ 40 £ 20 grid system, which gives about 44,000 elements,
whereas the unstructured mesh uses 94,500 tetrahedron elements.
For the structured grid, 55 cells are in the streamwise direction,
40 cells in radial direction, and 20 cells in spanwise direction. This
mesh compares to the mesh of 32 £ 30 £ 14 used by Majumdar
et al.24 for their computation. Plots of some sections of the two
meshes are displayed in Fig. 6.

The boundary conditions are speci� ed as follows. At the diffuser
inlet, measured streamwise and radial velocity components are im-
posed. Spanwise velocity is set to zero at the inlet because it is quite
small accordingto experiment.The exit of the solutiondomain is lo-
cated 200 mm downstreamof the diffuser exit. At the exit, pressure
is assumed to be constant,whereas all other dependentvariablesare
extrapolated.

Figure 7 displayscalculatedtransversepro� les of the streamwise
and radial velocity components on three spanwise planes and two
streamwise cross sections. The measured data are also displayed in
Fig. 7. Figure 7a shows results at streamwise station 3, which is
located at the transition from the � rst to the second bend, whereas
Fig. 7b is for results at station 5 at the end of the second bend.
In Fig. 7, ri and ro are the inner and outer radii of each bend, Us

and Ur are the streamwise and radial velocity components, Ub is
the mean bulk velocity, W is the width of the diffuser (wall-to-wall
spanwisedistance), and Z is the spanwisecoordinatemeasuredfrom
the wall to the symmetryplane.It is seen that the agreementbetween
the computation and the data is satisfactory. On the other hand,
resultsfromthe tetrahedralmeshcomparebetterwith theexperiment
than the structuredmesh. This is believed to be attributable to more
elements being used for the tetrahedral elements. Also, it is found
through inspection that the calculated results agree well with the
computational results obtained by Majumdar et al.24
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a) Streamwise station 3 at transition from the � rst to the second bend

b) Streamwise station 5 at the exit of the second bend

Fig.7 Calculatedandmeasured streamwise andradialvelocitypro� les
for S-shaped diffuser: ° , measured data23; ——, tetrahedral mesh; and
– – –, hexahedral mesh.

In terms of convergence and ef� ciency, hexahedral (44,000 ele-
ments) and tetrahedral(94,500elements) meshesneed809 and 1218
iterations, respectively, to achieve six orders of error reduction in
mass and momentum conservation,and the CPU times per iteration
are 6.69 and 9.43 s, respectively.

Conclusions
An unstructured ASEM is developed to solve three-dimensional

Navier–Stokes equations. The proposed ASEM is attractive in that
it has the potential to unify many of the currently used grid topolo-
gies into one formulation. Different grid topologies could include
a structured hexahedral mesh; unstructured tetrahedral mesh; hy-
brid or mixed element mesh, which uses a combination of hexahe-
dra, tetrahedra, prisms, and pyramids; the Cartesian grid approach,
which uses arbitrary cubes cut by the boundaries; and hybrid multi-
block meshes.

The conceptof the ASEM is implementedinto the pressure-based
� nite volume numerical method to solve three-dimensional incom-
pressibleviscous� ows. In the implementation,theelement-centered
storage scheme is adopted and a PISO algorithm is used for veloc-
ity and pressure coupling. General expressionsare derived and pre-
sented for the convective and diffusive � uxes at each element face
with an arbitrary polygonal shape. The developed ASEM solver is
applied both to the structured hexahedral mesh and the unstruc-
tured tetrahedral mesh as a � rst-step validation and demonstration.
In the future, the ASEM-based solver will be applied to other grid
topologies.

Based on this study, it is demonstrated that the ASEM can be
developed to solve � uid � ows. A code developed as such is quite
� exible, so that it can be used to solve � ow problems with differ-
ent grid topologies. Selected three-dimensional � ow calculations
demonstrated that the developed method is viable, accurate, and
ef� cient.
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